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Abstract. Pulsed TV-holography (PTVH) can be used for obtaining two-
dimensional maps of instantaneous out-of-plane displacements in plates.
In particular, our group has demonstrated that scattering patterns gener-
ated by the interaction of elastic waves with defects can be measured with
PTVH and employed for the characterization of damage in nondestructive
inspection of plate structures. Recently, we have succeeded in obtaining a
quantitative description of experimental scattering patterns of quasi-
Rayleigh (qR) waves produced by holes in harmonic regime using a finite
element method (FEM) combined with a two-dimensional scalar wave
equation, avoiding the standard and more complex vector approaches
based on the rigorous linear elasticity theory. This scheme has been
extended here for characterizing equivalent scattering phenomena in tran-
sient regime. Simulated scattering patterns, obtained with the scalar FEM,
and the corresponding experimental patterns associated to the interaction
of qR waves with holes, measured with our specifically developed PTVH
system, have been compared. Results have shown that, except for the
evaluation of the backscattering coefficient, a reasonable agreement
between theory and experiment is obtained in both amplitude and
phase, which confirms the feasibility and potential of the proposed scalar
approximation for the characterization of experimental transient scattering
patterns measured with our PTVH technique. © 2013 Society of Photo-Optical
Instrumentation Engineers (SPIE) [DOI: 10.1117/1.OE.52.10.101911]
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1 Introduction
Ultrasonic techniques are today a mature and powerful tool
for nondestructive testing (NDT) and evaluation of plate-like
structures in industry,1 with a wide range of different appli-
cations (piping, rails, bridges, aircraft, power plants, process-
ing plants, etc.) and a bright future in any of its branches and,
particularly, in the case of ultrasonic guided waves NDT.2 Its
basic principle can be described in three basic steps:3 first,
the part to be inspected is insonified with an adequate ultra-
sonic field; second, the acoustic wave interacts with defects
of the material that give rise to alterations of the acoustic
field (generation of reflected or refracted waves, diffraction,
etc.) that can be described in general terms as scattering phe-
nomena; third, some method is used to measure the velocity,
displacement, or any other physical quantity associated with
the acoustic field to extract an output signal. A fourth assess-
ment step could be included in this scheme, associated to the
processing and analysis of the output signal to detect, locate,
and characterize the existing flaws into the part or plate under
inspection, which implies, in general, some kind of modeling
of wave propagation and scattering.4
In classical pointwise techniques, this general scheme
is implemented using excitation and detection at one or
two points with contact transducers [typically piezoelectric
transducer (PZT)] and employing pulse-echo or pitch-catch
configurations.1 This provides output signals with high res-
olution in time and frequency, corresponding to the time
story at the interrogated points, but normally with low spatial
information content. The assessment step using these output
signals is tackled by employing different modeling tech-
niques, usually related to the linear theory of elasticity,
put together with a great variety of analytical or numerical
schemes [finite difference method, finite element method
(FEM), boundary element method, normal mode expansion
method, and other variants and combinations].5–14
From these well-established classical schemes, ultrasonic
NDT technology has progressed in the last decades in two
main complementary directions: on one hand, developing
noncontact inspection approaches15 by using new excitation
or detection transducers (e.g., with air-coupled devices,16
electromagnetic acoustic transducers,17,18 or pointwise opti-
cal generation and probing of ultrasound19,20) and, on the
other hand, obtaining more spatial information content about
the ultrasonic field (e.g., employing pointwise contact tech-
niques with phase array transducers to control the directivity
of excited or detected waves,21 or pointwise techniques com-
bined with some kind of scanning in detection22 or excita-
tion,23 contact transducers spatially distributed or scanned
over the part to be inspected combined with tomographic
approaches24). In particular, optical probing of ultrasound with
full-field techniques, such as interferometry,25 holographic0091-3286/2013/$25.00 © 2013 SPIE
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interferometry,26,27 speckle photography,28 sherography,29
and TV-holography,30 is especially well suited for obtaining
spatial information by registering images with high lateral
spatial resolution and irradiance distributions correlated
with the acoustic field at a given time interval and, at the
same time, can develop remote or noncontact inspection,
even in very small or inaccessible areas, also maintaining
the well-known classical benefits of NDT with ultrasound
(deep-penetration capability with high degree of interaction
with flaws or inhomogeneities, wide temporal bandwidth,
high information content, etc.).3
Within this framework of full-field optical detection of
ultrasound, our group has demonstrated that ultrasonic non-
destructive inspection can be performed in plates using a
self-developed pulsed TV-holography (PTVH) system3,30,31
that records the two-dimensional (2-D) spatial distribution
of the acoustic field corresponding to the instantaneous
out-of-plane displacements over the surface of the plate.
The measured ultrasonic 2-D field maps propagation and
scattering patterns from which characterization of defects
(position, dimensions, orientation, etc.) could be extracted
by solving the corresponding direct or inverse scattering
problems. As is characteristic of full-field optical techniques,
our PTVH output has high spatial resolution with a large
number of spatial samples (∼106), even though the number
of temporal samples is low (typically <128). Also, in our
case, the field of view for the detected 2-D scattering pattern
includes tens of ultrasonic wavelengths in both the near-field
and far-field zones, which means that the corresponding
scattering phenomena are in the mid-high frequency range.32
Hence, with these characteristics of the output, it is not guar-
anteed the applicability to our case of many of the existing
numerical and modeling approaches designed for the assess-
ment in classical ultrasonic schemes.
In fact, modeling and numerical calculations for assess-
ment with optical full-field detection of ultrasound have
employed in many cases simplified theories, valid only
for a limited number of situations but that occur often in
practice. An important example is plate theories, which
have new recent proposal and advances33,34 and which have
been used for analyzing the scattering of guided waves by
cylindrical inclusions in plates,35,36 showing good agreement
in the near-field when compared with experimental 2-D
ultrasonic fields detected with scanning optical heterodyne
interferometry37 or shearography.38 Also, a 2-D scalar model
based on Helmholtz equation has been employed for solving
the inverse problem of scattering by cylindrical inclusions
in plates using experimental data obtained with a full-field
technique close to ours.39 In this context, we have followed
the approach proposed in Ref. 39, studying the capability of
a 2-D scalar model for obtaining a quantitative description
of propagation and scattering of elastic waves in plates
detected with PTVH techniques, considering the interaction
of elastic waves with straight edges, holes, and slots. In par-
ticular, we have recently succeeded in obtaining a quantita-
tive description of the scattering of Rayleigh–Lamb waves in
harmonic regime produced by through-thickness holes40,41
by using this scalar model combined with numerical results
obtained with FEM and with a state-of-the-art numerical
method based on integral equations. 42
In this work, a similar modeling approach based on a
scalar wave equation is employed to characterize equivalent
scattering phenomena in transient regime. We first establish
the nomenclature and the theoretical framework within the
linear elasticity theory, as a first step to introduce the scalar
model for the transient case highlighting the main hypothe-
ses and assumptions involved in the proposed scalar approxi-
mation. After that, the experimental details, including the
excitation of qR transient wavetrains, the measurement of
the displacement field by PTVH, and the two-step spatio-
temporal Fourier transform method for deriving the final
complex displacement field, are briefly outlined including
only the essential points for completeness, as they have
been described in detail in previous works (see Refs. 3,
30, 31, and 43). Next, a description of the numerical imple-
mentation of the scalar model using FEM is presented. On
this basis, experimental and FEM simulated maps of the
propagation and scattering of a qR wavetrain by a hole in
a plate are compared. The agreement between theory and
experiment is discussed, pointing out the strengths and
weaknesses of the proposed scalar approximation for render-
ing a quantitative characterization of displacement measured
with PTVH. To the best of our knowledge, this is the first
time that such a comparison is reported for transient
waves in both near- and far-field zones, apart from our cor-
responding recent presentation in a congress on which this
work is based.44
2 Theoretical Framework
We assume that for modeling wave propagation and scatter-
ing in our case, it is adequate to describe plates as linear
isotropic solids in the framework of linear elasticity theory
within small (infinitesimal) displacement regime and linear
stress–strain relationship. Hence, in Sec. 2.1, we first include
basic relations and concepts of the well-known theory of
guided wave propagation in plates45–47 to establish nota-
tion and to fix the starting point of the simplified scalar
model for scattering that will be presented below in Secs. 2.2
and 2.3.
2.1 Helmholtz Equation for the Out-of-Plane
Displacement at the Plate Surface
Referring to the geometry of Fig. 1, we use ðx1; x2; x3Þ to
denote the cartesian coordinates of point P of the plate
with position vector x ¼ ðx1; x2; x3Þ; u ¼ ðu1; u2; u3Þ repre-
sents the corresponding displacement vector at A and
εij ¼
1
2

∂ui
∂xj
þ ∂uj
∂xi

(1)
u
x1
e
D
u1
u3
2h
x3
A
Fig. 1 Scheme of a plate of thickness 2h with a cylindrical defect of
diameter D and residual depth e.
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are the components of the strain tensor for the small (infini-
tesimal) strain regime. The elastic behavior of the plate,
assumed as a linear homogeneous isotropic solid, can be sim-
ply characterized in terms of Lamé constants λL and μL, and
the corresponding stress–strain relationship simplifies to
τij ¼ λLδij
X
k
εkk þ 2μLεij; (2)
where τij are the stress tensor components and δij the
Kronecker delta.
Characteristics of guided waves in plates are usually
introduced and analyzed considering harmonic regime for
a single temporal frequency f and describing the wave
field at point x and time instant t using the complex displace-
ment field u^ðx; tÞ related to the real displacement field uðx; tÞ
as
uðx; tÞ ¼ Re½u^ðx; tÞ ¼ Re½u^mðxÞ expðj2πftÞ; (3)
where u^mðxÞ is the so-called complex amplitude of displace-
ment, Re½a^ stands for the real part of complex number a^, and
j is the imaginary unit. In this context, wave propagation
inside the plate is described by the Lamé–Navier equation
for the complex amplitude vector that can be written as
ðλLþ2μLÞ∇ð∇ ·u^mðxÞÞ−μL∇×ð∇×u^mðxÞÞþρω2u^mðxÞ¼0;
(4)
where ρ is the mass density of the homogeneous plate and
ω ¼ 2πf the circular frequency. Equation (4) can be derived
employing Eqs. (1) and (2) in the balance of momentum
equation 48 and assuming that the interior of the plate is a
region free of body forces.
Any complex amplitude field u^mðxÞ that is a solution of
Eq. (4) has an associated real wave displacement field uðx; tÞ
that can be descomposed in longitudinal and transversal
wave components that propagate, respectively, with phase
velocities cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðλL þ 2μLÞ∕ρp and cT ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃμL∕ρp . An alter-
native decomposition approach of the total field uðx; tÞ is
usually employed as a basic tool for a deeper analysis of
the properties of guided waves in plates, using particular
combinations of longitudinal and transversal harmonic dis-
placements called propagating modes and nonpropagating
modes.47 Each propagating mode has a characteristic real
wavenumber and travels along a direction contained in
plane ðx1; x2Þ of the plate with a well-defined phase velocity
maintaining, during propagation in areas without defects, its
transversal stationary displacement distribution within the
plate section. 45,46 A nonpropagating mode shares formally
the same properties as a propagating one but has complex
wavenumber and phase velocity, and its amplitude decays
to negligible values at distances of the order of a few acoustic
wavelengths.
In the most common situation of plates with stress-free
boundaries, as in our case, propagating and nonpropagating
guided modes can be gathered into two main groups or types:
horizontal shear (SH) modes with displacement vector par-
allel to plane ðx1; x2Þ and Lamb modes with displacement
vector that have both in-plane and out-of-plane components
(see Fig. 1). Hence, at any point of the plate, the total out-of-
plane component of displacement would be the result of the
superposition of the out-of-plane components of the excited
Lamb modes but without any contribution from SH modes.
In these conditions, the propagation behavior of Lamb
modes characterizes the propagation behavior of the out-
of-plane displacement field. The characteristic frequency
spectrum for propagating Lamb modes is represented in
the diagram of Fig. 2.
Employing the modeling approach that describes Lamb
waves in terms of a transversely modulated carrier wave
propagating in a direction contained in plane ðx1; x2Þ (see,
for example, Refs. 46 and 49), it can be shown that, for
any plane −h ≤ x3 ¼ x3o ≤ h parallel to the central plane
of the plate x3 ¼ 0, the complex amplitude of the out-of-
plane displacement of Lamb mode n verifies the scalar
Helmholtz equation:
∇2u^3fnmðx1; x2; x3oÞ þ k2nu^3fnmðx1; x2; x3oÞ ¼ 0; (5)
where kn is the Lamb wavenumber of mode n and ∇2 is the
two-dimensional Laplacian operator in ðx1; x2Þ (subindex f
stands for the established temporal frequency in harmonic
regimen, n for the mode index, and m for complex ampli-
tude). A more detailed outline of how Eq. (5) appears
from the basic relations of linear elasticity theory, Eqs. (1)
to (4), can be found in Ref. 50 and references therein.
2.2 Scattering of Harmonic Quasi-Rayleigh Waves
by a Through-Thickness Hole
We circumscribe this analysis to the propagation and scatter-
ing in plates with through-thickness holes, with residual
depth e ¼ 0 (Fig. 1), and consider only out-of-plane dis-
placements at the top surface of the plate (plane x3 ¼ h),
which is the measurand associated to our PTVH system
(see Sec. 3). Hence, as in this case the plate geometry
depends only on ðx1; x2Þ coordinates and Eq. (5) holds at
every point outside the hole, the associated propagation
and scattering problem for the out-of-plane displacement
u3fnðtÞ for Lamb mode n at the top surface of the plate
(case x3 ¼ h) can be characterized by the partial differential
equation 40
4
3.5
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Fig. 2 Frequency spectrum of Lamb propagating modes for a plate
with stress-free boundaries. γ ¼ 4hf∕cL and ξ ¼ 2hk∕π are the nor-
malized frequency and wavenumber, respectively, and cL is the longi-
tudinal wave velocity. The location of normalized central excitation
frequency γR ¼ 4hfR∕cL, normalized wavenumber ξR ¼ 4h∕λR, and
normalized value of the temporal bandwidth of the pulse
ΔγR ¼ 4hΔfR∕cL in our case (see Sec. 3) are schematically repre-
sented. The branches that cross the horizontal line at γR correspond
to the propagating Lamb modes that could be excited at the corre-
sponding normalized temporal frequency. qR identifies the region
of the spectrum that corresponds to quasi-Rayleigh waves.
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∇2u^3fnm þ k2nu^3fnm ¼ 0outside Γ; (6)
where Γ denotes the boundary of the 2-D through-thickness
hole and u^3fnm is the complex amplitude associated to the
real displacement field u3fnðtÞ. Consequently, the corre-
sponding complex displacement field u^3fnðtÞ verifies the
scalar wave equation
∇2u^3fnðtÞ −
1
c2n
∂2u^3fnðtÞ
∂t2
¼ 0 outside Γ; (7)
where cn ¼ 2πf∕kn is the phase velocity of Lamb mode n.
As we are interested only in out-of-plane displacements
at the top surface of the plate (x3 ¼ h), we have turned
in this subsection to a simplified notation writing simply
u3fnðtÞ, u^3fnðtÞ, or u^3fnm instead of the complete versions
u3fnðx1; x2; h; tÞ, u^3fnðx1; x2; h; tÞ, and u^3fnmðx1; x2; hÞ that
include explicitly the spatial dependence and the constant
value h of coordinate x3. We will maintain this criterion
along the rest of Sec. 2.
In general, for each temporal frequency f, an integer num-
ber P of Lamb propagating modes with different real wave-
numbers k0; k1; k2; : : : ; kP−1 could be excited in the plate at
the same time (see Fig. 2), each one verifying its correspond-
ing wave equation, Eq. (7), and contributing to the total out-
of-plane displacement u3fðtÞ at the top of the plate. On the
other hand, an infinite number of nonpropagating Lamb
modes with imaginary (evanescent modes) or complex (inho-
mogeneous modes) wavenumbers k^q with q ¼ 0; 1; 2; : : :
could be present. In this general case, the associated complex
displacement field u^3fðtÞ can be written as the superposition
u^3fðtÞ ¼
P
P−1
p¼0 u^3fpðtÞþ
P
∞
q¼0 u^3fqðtÞ; (8)
in which the first sum corresponds to Lamb propagating
modes and second sum to Lamb nonpropagating ones. As
has been stated previously, SH modes do not contribute to
the out-of-plane displacement in any case, so they are not
included in the modal decomposition of the out-of-plane
component given by Eq. (8).
We consider now the particular case when only a qR
harmonic wave is efficiently excited and propagates along
the plate in which a simplified version of Eq. (8) can be
employed. qR waves can be understood as the superposition
of Lamb modes S0 and A0 with the same value of the nor-
malized frequency in the range where their associated
branches overlap (see qR region with γ ≥ 1.5 in Fig. 2).
This is the situation that corresponds to our experiments,
where we employ an excitation with a normalized temporal
frequency of the order of 3 (see Secs. 2.3 and 3). Hence, in
these conditions, when using modal decomposition, Eq. (8),
for the incident and scattered fields, only S0 and A0 Lamb
modes have to be included in the first sum corresponding to
the propagating part. This is always true for the incident field
and would be true for the scattered field provided that modal
conversion at the hole border produces basically scattered
SH modes (that do not contribute to the out-of-plane dis-
placement field), which is a reasonable assumption as con-
version effects for a hole are associated mainly with in-plane
components.18 Also, we can remove the second sum of
Eq. (8) for the incident field because the contributions of
nonpropagating Lamb modes can be totally neglected if,
as in our case, the hole is located in the far-field zone of
the ultrasonic source. Even more, the second sum cannot
contribute to the scattered field, except perhaps in a small
area located only a few wavelengths away from the hole bor-
der, where nonpropagating modes could be significant.
Assuming that these contributions are not relevant for
describing any of the incident or scattered displacement
fields, Eq. (8) for the total (sum of incident and scattered)
out-of-plane displacement field can be reduced to the form
u^3fðtÞ ¼ u^3fS0ðtÞ þ u^3fA0ðtÞ; (9)
where u^3fS0ðtÞ and u^3fA0ðtÞ are the displacements associated
to modes S0 and A0, respectively.
Hence, as modes A0 and S0 have practically the same
propagating wavenumber and phase velocity in qR region
(see Fig. 2), from Eq. (7) results that the total out-of-plane
complex displacement for a harmonic qR wave verifies
∇2u^3fðtÞ −
1
c2R
∂2u^3fðtÞ
∂t2
¼ 0 outside Γ; (10)
where cR is the common phase velocity of the modes, equal
to the Rayleigh velocity of the plate and characterized by the
common slope of the branches in qR region (Fig. 2). The key
point for the applicability of Eq. (10) to describe propagation
and scattering is the fact that the propagating modes included
in the modal decomposition of the total field share a common
value of the phase velocity cR.
The other key aspect that we have to address in the scalar
model is to obtain an adequate description of the stress-free
boundary conditions at the hole border Γ. As we have jus-
tified previously, in our case the scattered SH modes do not
contribute to the out-of-plane component in any case and it
seems reasonable to neglected the effect of Lamb nonpropa-
gating modes for describing propagation using the scalar
wave equation [Eq. (10)]. However, to full-fill the stress-
free boundary conditions at the hole border it is necessary,
in general, to consider the effect of both SH propagating and
nonpropagating modes and also of the Lamb nonpropagating
modes. For the particular case of harmonic qR waves, we
have proposed, as a first approximation, that the stress-
free condition at the hole boundary could be described by
a generic Neumann boundary condition
∂u^3fðtÞ
∂n

Γ
¼ g; (11)
leading to a simplified scalar model characterized by
Eqs. (10) and (11). We have tested this model40,41 with rea-
sonably good results for the scattering of qR harmonic waves
by holes in plates, selecting the particular case of a homo-
geneous Neumann boundary condition [i.e., setting g ¼ 0
in Eq. (11)]. We assume here again that this simplified
model is valid for the scattering of qR harmonic waves
by through-thickness holes and extend this approach to the
transient case as follows.
2.3 Scattering of Transient Quasi-Rayleigh Waves
by a Through-Thickness Hole
A transient qR wave can be understood as the linear
superposition
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u^3ðtÞ ¼
Z
∞
0
wðfÞu^3fðtÞdf (12)
of different harmonic qR components u^3fðtÞ, each one with a
different wavenumber and a different temporal frequency f,
but all of them with the same phase velocity cR. The scalar
function wðfÞ specifies the weight of each harmonic compo-
nent of frequency f within the spectrum of the qR pulse. We
will assume that wðfÞ is centered around a temporal fre-
quency fR and takes nonzero values over a bandwidth inter-
val ΔfR, in such a way that all the harmonic components of
the pulse belong to the qR region of the Lamb spectrum
(Fig. 2). In these conditions, the scattering by the hole of
each qR harmonic component that propagates with phase
velocity cR can be adequately described by Eqs. (10) and
(11). From the linearity of these two equations and using
Eq. (12), we obtain that the total complex transient displace-
ment field verifies the differential equation
∇2u^3ðtÞ −
1
c2R
∂2u^3ðtÞ
∂t2
¼ 0 outside Γ (13)
and the generic Neumann boundary condition
∂u^3ðtÞ
∂n

Γ
¼ G: (14)
Equations (13) and (14), with additional initial conditions
for displacement and velocity outside the hole, are the essen-
tial elements that define the initial boundary value problem
(IBVP) to be solved in the transient case.
It is clear, a priori, that to fulfill the stress-free boundary
conditions at the hole border and to take into account modal
conversion effects precisely, it would be necessary to develop
a more complex description, considering both propagating
and nonpropagating Lamb and SH modes. Also, we stress
the fact that Eq. (9) could be strictly valid only for regions
located a few wavelengths away from the hole, where con-
tributions of the nonpropagating modes are not relevant and
provided that other Lamb modes (different from S0 and A0)
that could be generated by conversion do not contribute sig-
nificantly to the out-of-plane displacement. In any case, the
validity of the proposed scalar model, which contains strong
simplifying assumptions, has to be analyzed on the basis of
the comparison of model results with experimental data.
3 Materials and Methods
3.1 Test Plates
Several through-thickness holes, with diameters D in the
range of 4 to 12 mm, have been adequately prepared in alu-
minum plates with dimensions 300 mm × 100 mm × 10 mm.
In all of the cases, the plates have been supported so that the
constraints at their surface are minimized: they simply rest on
a horizontal plastic board covered in black velvet fabric.
Plasticine has been used as acoustic absorber at the edges
of the plates to minimize reflections of the incident and scat-
tered waves that could disturb the measured acoustic fields
inside the region of interest (ROI) (Fig. 3). The longitudinal
wave velocity has been measured by means of the classical
pulse-echo method, resulting in cL ¼ 6360 m∕s.
3.2 Experimental Setup
The experimental system used to generate and to detect the
elastic waves is schematically represented in Fig. 4. qR
waves have been generated by means of the classical
wedge method, in which the longitudinal wave emitted by
a PZT is coupled to the plate surface through a Bakelite pris-
matic coupling block (wedge) of angle θw ¼ 65 deg. A short
tone-burst with a central frequency fR ¼ 1.000 MHz and an
integer number of cycles (between 5 and 10) has been used to
excite the PZT, obtaining transient wavetrains (Fig. 4). The
measured central wavelength of the trains is λR ¼ 2.99 mm,
which for our central excitation frequency corresponds to a
Rayleigh phase velocity cR ¼ 2990 m∕s. The corresponding
normalized central frequency is γR ¼ 3.14 with the associ-
ated normalized wavenumber ξR ¼ 6.69 (see Fig. 2).
In these conditions, after generating the qR wavetrain, the
instantaneous out-of-plane acoustic field at the top surface of
the plate u3ðx1; x2; tÞ (for specifying the spatial dependence
of u3 and other associated 2-D fields over the top surface
of the plate, we will remove, in the following, the constant
value h of coordinate x3) has been measured with our
self-developed double-pulsed TV holography system.30 The
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Fig. 3 Reference image for a through-thickness hole (e ¼ 0) of diam-
eter D ¼ 12 mm showing the region of interest (ROI) employed in the
images and profiles of numerical and experiment ultrasonic fields over
the plane ðx1; x2Þ. The subzones of the ROI used for quantitative
assessment of the relative error between theory and experiment
(see Sec. 4) are also identified as 1, 2, 3, and 4.
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Fig. 4 Experimental setup.
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details associated to the speckle interferometer and the
phase evaluation process are equivalent to those employed
for measuring harmonic qR waves in our previous publica-
tion40 and are reproduced here for completeness.
As is common in TV holography techniques,51 we
employ an image-hologram configuration, sensitive to the
out-of-plane component of the displacement of the surface
points, with the image sensor of a video camera as recording
medium. There is no optical reconstruction of the recorded
holograms but instead their intensity distribution is electroni-
cally processed to render the optical phase-difference map,
which depends on the displacements of the specimen sur-
face. A twin-cavity pulsed, injection-seeded, and frequency-
doubled Nd:YAG laser (Spectron SL404T), the core of the
TV holography system, emits two laser pulses, with a dura-
tion of 20 ns and an adjustable temporal interpulse delay of τ,
that are employed to record two correlograms in separate
frames of a CCD camera (PCO Sensicam Double-Shutter).
Each correlogram corresponds to the interference of the
reference beam and the object beam scattered back by the
plate surface.
A processing procedure based on the spatial Fourier
transform method has been applied to the correlograms,31
which renders the so-called optical phase-change map
ΔΦðx1; x2; tÞ, proportional to the instantaneous out-of-plane
acoustic displacement field u3ðx1; x2; tÞ, i.e.,
ΔΦðx1; x2; tÞ ¼
8π
λ
u3ðx1; x2; tÞ; (15)
where λ ¼ 532 nm is the wavelength of the laser and t is the
instant of emission of the first laser pulse. The usual scaling
factor (4π∕λ) between optical phase-change and displace-
ment is doubled in Eq. (15) by selecting a delay between
laser pulses (i.e., between the two correlograms) equal to
an odd number of half-periods of the detected Rayleigh
wave. For the case of the experiments presented in this
study, we have employed a delay τ equal to 1.5 μs (3∕2
of the period associated to central excitation frequency
fR ¼ 1.000 MHz; that is, the minimum number of odd
half-periods for which the camera can record the two correlo-
grams in different frames).
3.3 Procedure for Obtaining the Experimental
Complex Out-of-Plane Displacement
With this scheme, we have performed measurements
in successive instants of the wavetrain propagation
(t0; t1; : : : ; tn; : : : ; tN−1 with tnþ1 − tn ¼ Δt) to obtain
a complete sequence of N optical phase-change maps
ΔΦðx1; x2; tnÞ (we have selected N ¼ 128 with Δt ¼
250 ns, i.e., a quarter of the period associated to the central
excitation frequency of the wavetrain). Even though this
sequence of maps given by Eq. (15) represents by itself a
useful means to assess the interaction of the qR wavetrain
and the defect for every time instant, it has been processed
as a whole employing the spatio-temporal three-dimensional
(3-D) Fourier transform method,43 rendering a sequence of
N experimental complex fields u^3ðx1; x2; tnÞ at times tn.
The complex field u^3ðx1; x2; tnÞ, from which the acoustic
amplitude mod½u^3ðx1; x2; tnÞ and the total acoustic phase
arg½u^3ðx1; x2; tnÞ can be retrieved independently, allows
the reconstruction of the out-of-plane displacement as
u3ðx1; x2; tnÞ ¼ Re½u^3ðx1; x2; tnÞ with an improved signal-
to-noise ratio. The sequence of N complex displacement
fields u^3ðx1; x2; tnÞ is the raw data set for the comparison
with numerical simulations. Also, as is explained in the
next section, it is used for obtaining an analytical approxi-
mation to the incident complex field that is employed
for specifying correctly the boundary conditions over the
exterior border of the computational domain.
3.4 Numerical Method
Following the standard approach to FEM,52 a discrete
version of the IBVP based on Eqs. (13) and (14) has
been implemented in a rectangular computational domain
(Fig. 5). Dirichlet boundary conditions have been imposed
over the exterior boundary,
u^3ð0; x2; tÞ ¼ U^ð0; x2; tÞ over E1; (16a)
u^3ðx1; x2; tÞ ¼ 0 over E2; (16b)
nonhomogeneous ones for introducing the complex ampli-
tude value of the incident field at E1 and homogeneous
ones in E2. The interior circle I1 represents the hole border
Γ where boundary condition corresponding to Eq. (14) with
G ¼ 0 has been applied. The horizontal position of the hole
center within the computational domain has been selected
to avoid interference in the ROI between direct scattering
phenomena and waves reflected by the exterior boundary.
Null initial conditions,
u^3ðx1; x2; 0Þ ¼ 0 outside Γ; (17a)
∂u^3
∂t
ðx1; x2; 0Þ ¼ 0 outside Γ; (17b)
have been assumed for both displacement and velocity inside
the computational domain.
For specifying the nonhomogeneous Dirichlet boundary
condition at boundary E1 with x1 ¼ 0, we have employed
an analytical approximation U^ð0; x2; tÞ to the experimental
4xo
4xo
x1
x2 D
2xo
2xo
xo
ROI
E1
I1
E2
E2
E2
O
Fig. 5 Scheme of the computational domain for FEM defined by the
boundaries E1, E2, and I1, showing the relative position of the ROI
and reference system employed.
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complex field u^3ð0; x2; tÞ [Fig. 6(a)] obtained as was
explained in Sec. 3. The analytical approximation has
been factorized as
U^ð0; x2; tÞ ¼ U^1ðtÞU^2ðx2Þ (18)
in terms of two one-dimensional complex functions
U^iðαÞ ¼ UiðαÞ expfjϕiðαÞg. By selecting a reference point
x¯2 on E1 and a reference instant t¯, functions U^1ðtÞ and
U^2ðx2Þ have been fitted, respectively, to the experimental
profiles u^3ð0; x¯2; tÞ (temporal evolution at the reference
point x¯2) and u^3ð0; x2; t¯Þ (transversal distribution of the
field at the reference instant t¯) by using a least-squares pro-
cedure (Fig. 7). The experimental data employed for fitting
have been restricted to the area of the temporal record cor-
responding to the incident field (see Fig. 6). Using the
obtained results for U^1ðtÞ and U^2ðx2Þ in the factorization
of Eq. (18), and after renormalization by a global factor,
the incident field has been reconstructed analytically
[Fig. 6(b)]. Matching with the experiment is quite reasonable
for all areas of the incident field within the temporal record
at x1 ¼ 0, even though pixel-to-pixel agreement (Fig. 7)
presents error at some points in concordance with previously
measured noise levels in our case, which are typically around
20% of the mean signal level.3 Auxiliary envelopes in x2 and
t with pulse profiles with a smooth transition in amplitude
from one to zero have been employed to guarantee proper
matching of the inhomogeneous boundary condition at E1
with the lateral homogeneous boundary condition at E2,
and zero initial values in the computational domain.
Practical implementation and processing of numerical
data based on this approach have been developed employ-
ing COMSOL Multiphysics® and self-developed routines
in Matlab®. We have meshed the domain with triangular
second-order Lagrange finite elements, assuring at least
10 elements per acoustic wavelength. The α-generalized
solver algorithm has been employed with a constant time
step of 10−8 s.
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Fig. 6 Temporal record of the out-of-plane displacement at boundary
E1 (x1 ¼ 0). (a) Real part of the experimental complex out-of-plane
displacement u^3ð0; x2; tÞ. (b) Real part of the reconstructed complex
incident field employing the analytical approximation U^ð0; x2; tÞ. In (a)
they can be identified the incident field on the left, and the scattered
field, on the right. The white cross marks the lines selected for
the temporal and spatial fitting at the selected point with coordinates
x¯2 ¼ 0.032 mm and t¯ ¼ 5.25 μs. The rectangular subzone on the
left marked in black has been employed for obtaining the analyt-
ical approximation to the nonhomogeneous Dirichlet boundary condi-
tion. Displacement in units of λ∕8π, x2 in millimeters, and t in
microseconds.
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Fig. 7 Profiles for the real part of the complex out-of-plane displace-
ment along the horizontal and vertical lines marked in white in Fig. 6.
(a) Comparison between u^3ð0; x¯2; tÞ with x¯2 ¼ 0.032 mm and U^1ðtÞ.
(b) Comparison between u^3ð0; x2; t¯Þ with t¯ ¼ 5.25 μs and U^2ðx2Þ;
(thick) experimental, (thin) analytic approximation. Displacement in
units of λ∕8π, x2 in millimeters, and t in microseconds.
Optical Engineering 101911-7 October 2013/Vol. 52(10)
Rodríguez-Gómez et al.: Transient elastic wave propagation and scattering in plates. . .
4 Results and Discussion
In Figs. 8 to 15, which employ a common gray-level scale for
the images and a common vertical scale for the profiles, rep-
resentative examples of the experimental measurements and
theoretical results for the complex field are shown at two
different representative instants of wave propagation and
scattering before (t1 ¼ 8.50 μs) and after (t2 ¼ 17.00 μs) the
interaction with the hole. The data in the figures have been
obtained from a complete temporal sequence of 2-D complex
displacement maps of 18.75 μs with a temporal resolution of
0.25 μs (see video of the complete sequence for the real part
of the complex out-of-plane displacement in Fig. 16).
A visual comparison shows a close agreement in the spa-
tial distributions both for the incident field (Figs. 8 and 12)
and the scattered field (Figs. 10 and 14). The practically per-
fect matching of the spatial distribution of the experimental
and theoretical fields, which is apparent in the figures, can be
found all along the sequence and in all the different subzones
of the images. The small differences in the distribution of the
waves are always associated to the noise component, except
for the mismatch that can be observed at the tail of the inci-
dent pulse for frames with t ≥ 12.5 μs (see video in Fig. 16).
Nevertheless, it is natural that this tail cannot be reproduced
in simulations, as it has not been included within the subzone
of the temporal record employed for obtaining the nonhomo-
geneous boundary conditions with the procedure described
in the previous section (see rectangle marked in black
in Fig. 6).
A more detailed quantitative comparison has been devel-
oped using the corresponding profiles along directions x1
and x2 and testing the agreement in modulus by using the
error parameter
eðz; tÞ ¼
P
ðx1;x2Þ∈szðju^n3ðx1; x2; tÞj − ju^e3ðx1; x2; tÞjÞ2P
ðx1;x2Þ∈sz
ju^e3ðx1; x2; tÞj2
; (19)
where superindexes n and e are employed only in this
expression to distinguish numerical and experimental values
of the out-of-plane displacement. eðz; tÞ was evaluated for
different instants t of the sequence in several subzones
of interest identified as sz, with z ¼ 1; 2; 3, and 4 (see
Fig. 3). The analysis of the profile has revealed that the
agreement between theory and experiment in modulus and
phase is very good for the incident wave before interaction
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Fig. 8 Incident field for a cylindrical hole with D ¼ 12 mm and
t1 ¼ 8.50 μs. Comparison of the real part of the complex out-of-
plane displacement: (a) experimental, (b) numerical (see video of
the complete sequence in Fig. 16). Displacement in units of λ∕8π
(mid-gray level represents zero). Dimensions in millimeters. The
axes numbering and orientation correspond to those of Fig. 3.
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Fig. 9 Profiles for the real part of the complex out-of-plane displace-
ment along the horizontal and vertical lines marked in white in Fig. 8
with t1 ¼ 8.50 μs; (thick) experimental, (thin) numerical. Displace-
ment in units of λ∕8π. Dimensions in millimeters.
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with the hole (Figs. 9 and 13). This agreement is maintained
as the wavetrain propagates forward, and not only at the
input boundary E1, which has confirmed that the employed
approach for introducing the incident field using an analyti-
cal approximation works properly, as could be expected from
the previous test of the boundary condition itself (Fig. 7).
Matching in amplitude and phase for the wave after scatter-
ing (Figs. 11 and 15) is also reasonable, except in the back-
scattering direction. The agreement in modulus for the
incident field and for the scattered field outside the backscat-
tering area has been verified by the values obtained for the
error parameter of Eq. (19), which has been always lower
than or of the order of the relative value of noise (see
Sec. 3.4). As examples that are representative of the
sequence as a whole, we have obtained for the incident
field at t1 a value of eð1; t1Þ of 8% and for the scattered
field at t2 values of eð2; t2Þ, eð3; t2Þ, and eð4; t2Þ of the
order of 18%.
In the backscattering area (corresponding to the zone
numbered 1 in Fig. 3), though the agreement in phase is
good [see the left side of Fig. 11(a)], the simulation has pro-
vided a value of the amplitude that is nearly twice the value
measured in the experiment [see the left of Fig. 15(a)], with a
corresponding error if the reflection coefficient has to be
evaluated on this basis. It is well known that the reflection
coefficient for the scattering by defects in plates of qR waves,
and its associated constitutive Lamb modes S0 and A0, has a
quite complex behavior.53–56 Its value depends, among other
parameters, on the characteristics of the incident field (fre-
quency, angle of incidence, etc.) and the type of defect
and its size and depth values relative to the acoustic wave-
length, showing, in some simple cases, a counterintuitive
behavior as a function of frequency.54 The capability of
Rayleigh waves to pass the edge of a plate or a defect
and propagate along the lateral face of the plate in such a
way that reflection and transmission coefficients present
strong dependence on the angle and roundness of the
edge is also well known.57 In this way, even 3-D modeling
approaches based on the vectorial theory of elasticity find
difficulties in matching the values predicted by theory
with the measured values in the experiment in some cases
(see, for example, Ref. 55). Hence, in this context, it
seems natural to find this mismatch in modulus for backscat-
tering in our case, as we are trying to describe a complex 3-D
phenomenon using a simplified 2-D scalar model. For a
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Fig. 10 Scattering patterns for a cylindrical hole with D ¼ 12 mm and
t2 ¼ 17.00 μs. Comparison of the real part of the complex out-of-
plane displacement: (a) experimental, (b) numerical (see video of
the complete sequence in Fig. 16). Displacement in units of λ∕8π
(mid-gray level represents zero). Dimensions in millimeters. The
axes numbering and orientation correspond to those of Fig. 3.
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Fig. 11 Profiles for the real part of the complex out-of-plane displace-
ment along the horizontal and vertical lines marked in white in Fig. 10
with t2 ¼ 17.00 μs; (thick) experimental, (thin) numerical. Displace-
ment in units of λ∕8π. Dimensions in millimeters.
Optical Engineering 101911-9 October 2013/Vol. 52(10)
Rodríguez-Gómez et al.: Transient elastic wave propagation and scattering in plates. . .
x1
x 2
10 20 30 40 50 60
10
20
30
40
50
60 0
0.1
0.2
0.3
0.4
0
0
x1
x 2
10 20 30 40 50 60
10
20
30
40
50
60 0
0.1
0.2
0.3
0.4
0
0
(a)
(b)
Fig. 12 Incident field for a cylindrical hole with D ¼ 12 mm and
t1 ¼ 8.50 μs. Comparison of the modulus of the complex out-of-
plane displacement: (a) experimental, (b) numerical. Amplitude in
units of λ∕8π (mid-gray level represents zero). Dimensions in milli-
meters. The axes numbering and orientation correspond to those
of Fig. 3.
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Fig. 13 Profiles for modulus of the complex out-of-plane displace-
ment along the horizontal and vertical lines marked in white in
Fig. 12 with t1 ¼ 8.50μs; (thick) experimental, (thin) numerical.
Amplitude in units of λ∕8π. Dimensions in millimeters.
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Fig. 14 Scattering patterns for a cylindrical hole with D ¼ 12 mm and
t2 ¼ 17.00 μs. Comparison of the modulus of the complex out-of-
plane displacement: (a) experimental, (b) numerical. Amplitude
in units of λ∕8π (mid-gray level represents zero). Dimensions in
millimeters. The axes numbering and orientation correspond to
those of Fig. 3.
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Fig. 15 Profiles for the modulus of the complex out-of-plane displace-
ment along the horizontal and vertical lines marked in white in Fig. 14
with t2 ¼ 17.00 μs; (thick) experimental, (thin) numerical. Amplitude in
units of λ∕8π. Dimensions in millimeters.
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further test of this model, it could be studied in the future
whether a better matching between theory and experiment
could be obtained by assigning an effective or fictitious
transmission coefficient to the hole. Also, it could be consid-
ered to employ other values for the parameter G in the
generic Neumann boundary condition of Eq. (14) as an addi-
tional degree of freedom to improve the matching between
theory and experiment. A more comprehensive analysis will
be addressed in future work but, in any case, we believe that
the presented results are enough to say that the experimental
contrast of the numerical simulation is positive in transient
regime, with exception related to the reflection coefficient in
backscattering.
5 Conclusions
We have studied the scattering of elastic waves in plates in
transient regime by employing 2-D maps of instantaneous
out-of-plane displacements obtained with a self-developed
PTVH system. Experimental data sequences have been com-
pared with the corresponding simulated sequences of scatter-
ing patterns obtained with FEM combined with a 2-D scalar
model. Very good agreement in the spatial distribution of the
incident and scattered fields has been obtained for every time
instant in the sequences. Except for the backscattering coef-
ficient, a reasonable agreement between theory and experi-
ment has been obtained in both modulus and phase, taking
previously evaluated noise levels as a reference. On this
basis, the feasibility of employing FEM combined with
the scalar approximation for developing a quantitative char-
acterization of experimental scattering patterns of transient
elastic waves in plates measured with our PHTV technique
is confirmed. To improve the results and reliability of the
analysis based on the simplified scalar model, further
work should be done in order to perform a deeper analysis
of the agreement between theory and experiment, on one
hand, and to try to solve the mismatch in the value of the
reflection coefficient in backscattering, which could be
related to the effect of transmission of the Rayleigh wave-
train at the edges of the hole, on the other hand.
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